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Elimination
Xiaoli Xu, Yong Zeng, Yong Liang Guan and Tracey, Ho
This file provide the detailed steps for obtaining the bounds on R1, R2 via the obtained results
on (R1c, R1p, R2c, R2p). The rate pair (R1c, R1p, R2c, R2p) is achievable if it satisfies following
inequalities.
R1c ≤ rank(UT1 H11V21) (1)
R1p ≤ m1 − r21 (2)
R2c ≤ r12 (3)
R1c +R1p ≤ r11 (4)
R1c +R2c ≤ r12 + rank(UT10H11V21) (5)
R1p +R2c ≤ r12 + rank(UT10H11V20) (6)
R1c +R1p +R2c ≤ n1 (7)
R2c ≤ rank(UT2 H22V11) (8)
R2p ≤ m2 − r12 (9)
R1c ≤ r21 (10)
R2c +R2p ≤ r22 (11)
R2c +R1c ≤ r21 + rank(UT20H22V11) (12)
R2p +R1c ≤ r21 + rank(UT20H22V10) (13)
R2c +R2p +R1c ≤ n2 (14)
where (3) is implied by (8) as rank(UT2 H22V11) ≤ rank(V11) = r12. Similarly, (10) is implied by
(1). Removing the redundant inequalities and substituting with R1p = R1−R1c, R2p = R2−R2c,
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R1c ≤ rank(UT1 H11V21) (15)
R1 −R1c ≤ m1 − r21 (16)
R1 ≤ r11 (17)
R1c +R2c ≤ r12 + rank(UT10H11V21) (18)
R1 −R1c +R2c ≤ r12 + rank(UT10H11V20) (19)
R1 +R2c ≤ n1 (20)
R2c ≤ rank(UT2 H22V11) (21)
R2 −R2c ≤ m2 − r12 (22)
R2 ≤ r22 (23)
R2c +R1c ≤ r21 + rank(UT20H22V11) (24)
R2 −R2c +R1c ≤ r21 + rank(UT20H22V10) (25)
R2 +R1c ≤ n2 (26)
To eliminate R1c, we get five upper bounds and two lower bounds on R1c
R1c ≤ rank(UT1 H11V21)
R1c ≤ r12 + rank(UT10H11V21)−R2c
R1c ≤ r21 + rank(UT20H22V11)−R2c
R1c ≤ r21 + rank(UT20H22V10)−R2 +R2c
R1c ≤ n2 −R2
R1c ≥ R1 −m1 + r21
R1c ≥ R1 +R2c − r12 − rank(UT10H11V20)
Comparing the upper and lower bounds of R1c and copying five inequalities in (15)-(26) that do
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3not involve R1c, we obtain a new system of inequalities in (R2c, R1, R2) give by
R1 ≤ r11 (27)
R1 +R2c ≤ n1 (28)
R2c ≤ rank(UT2 H22V11) (29)
R2 −R2c ≤ m2 − r12 (30)
R2 ≤ r22 (31)
R1 ≤ rank(UT1 H11V21) +m1 − r21 (32)
R1 +R2c ≤ r12 + rank(UT10H11V21) +m1 − r21 (33)
R1 +R2c ≤ rank(UT20H22V11) +m1 (34)
R1 +R2 −R2c ≤ rank(UT20H22V10) +m1 (35)
R1 +R2 ≤ n2 +m1 − r21 (36)
R1 +R2c ≤ rank(UT1 H11V21) + rank(UT10H11V20) + r12 (37)
R1 + 2R2c ≤ 2r12 + rank(UT10H11V21) + rank(UT10H11V20) (38)
R1 + 2R2c ≤ r21 + rank(UT20H22V11) + rank(UT10H11V20) + r12 (39)
R1 +R2 ≤ rank(UT20H22V10) + rank(UT10H11V20) + r12 + r21 (40)
R1 +R2 +R2c ≤ n2 + r12 + rank(UT10H11V20) (41)
where (32) is implied by (27) as rank(UT1 H11V21) = rank(H11V21) ≥ r11 − m1 + r21; (33)
is impled by (28) as rank(UT10H11V21) ≥ n1 − m1 + r21 − r12; (37) is impled by (28) as
rank(UT1 H11V21) + rank(U
T
10H11V20) + r12 = rank(H11V21) + rank(U
T
10H11V20) + r12 ≥ r11 +
r21 −m1 + r12 + n1 +m1 − r11 − r12 − r21 = n1.
Now, we are ready to eliminate R2c from the remaining non-redundant inequalities. In total,
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R2c ≤ n1 −R1
R2c ≤ rank(UT2 H22V11)
R2c ≤ rank(UT20H22V11) +m1 −R1
2R2c ≤ r21 + rank(UT20H22V11) + rank(UT10H11V20) + r12 −R1
R2c ≤ n2 + r12 + rank(UT10H11V20)−R1 −R2
2R2c ≤ 2r12 + rank(UT10H11V21) + rank(UT10H11V20)−R1
R2c ≥ R2 −m2 + r12
R2c ≥ R1 +R2 − rank(UT20H22V10)−m1
Comparing the lower and upper bounds of R2c, we get 12 inequalities. Together with the
inequalities in (27)-(38) that do not involve R2c, we obtain a new system of inequalities in
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R1 ≤ r11 (42)
R2 ≤ r22 (43)
R1 +R2 ≤ n2 +m1 − r21 (44)
R1 +R2 ≤ rank(UT20H22V10) + rank(UT10H11V20) + r12 + r21 (45)
R1 +R2 ≤ n1 +m2 − r12 (46)
R2 ≤ rank(UT2 H22V11) +m2 − r12 (47)
R1 +R2 ≤ rank(UT20H22V11) +m1 +m2 − r12 (48)
R1 + 2R2 ≤ r21 + rank(UT20H22V11) + rank(UT10H11V20) + 2m2 − r12 (49)
R1 + 2R2 ≤ n2 +m2 + rank(UT10H11V20) (50)
R1 + 2R2 ≤ rank(UT10H11V21) + rank(UT10H11V20) + 2m2 (51)
2R1 +R2 ≤ n1 + rank(UT20H22V10) +m1 (52)
R1 +R2 ≤ rank(UT2 H22V11) + rank(UT20H22V10) +m1 (53)
2R1 +R2 ≤ rank(UT20H22V11) + 2m1 + rank(UT20H22V10) (54)
3R1 + 2R2 ≤ rank(UT20H22V11) + r12 + r21 + rank(UT10H11V20) + 2rank(UT20H22V10) + 2m1
(55)
2R1 + 2R2 ≤ n2 + r12 + rank(UT10H11V20) + rank(UT20H22V10) +m1 (56)
3R1 + 2R2 ≤ 2r12 + rank(UT10H11V21) + rank(UT10H11V20) + 2rank(UT20H22V10) + 2m1 (57)
Now, we are proceed to identifying the redundant inequalities.
(47) is implied by (43) as rank(UT2 H22V11) = rank(H22V11) ≥ r22 + r12 −m2.
(49) is implied by (50) as rank(UT20H22V11) ≥ n2 −m2 + r12 − r21.
(51) is implied by (43) and (46) as
rank(UT10H11V21) + rank(U
T
10H11V20) + 2m2 ≥ rank(UT10H11) + 2m2
≥ n1 − r12 + 2m2 ≥ n1 +m2 − r12 + r22
(48) is implied by (44) as rank(UT20H22V11) ≥ n2 −m2 + r12 − r21.
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T
20H22V10) + m1 = rank(H22V11) +
rank(UT20H22V10) +m1 ≥ n2 − r21 +m1.
(55) can be obtained by summing up (45) and (54).
(56) can be obtained by summing up (44) and (45).
(57) is implied by (45) and (52).
(54) is implied by (42) and (44) as
rank(UT20H22V11) + 2m1 + rank(U
T
20H22V10) ≥ rank(UT20H22) + 2m1
= n2 − r21 + 2m1 ≥ n2 − r21 +m1 + r11
After removing all the redundant inequalities, we obtain the non-trivial set of inequalities.
R1 ≤ r11 (58)
R2 ≤ r22 (59)
R1 +R2 ≤ n2 +m1 − r21 (60)
R1 +R2 ≤ n1 +m2 − r12 (61)
R1 +R2 ≤ rank(UT20H22V10) + rank(UT10H11V20) + r21 + r12 (62)
2R1 +R2 ≤ rank(UT20H22V10) +m1 + n1 (63)
R1 + 2R2 ≤ rank(UT10H11V20) +m2 + n2 (64)
APPENDIX A
LIST OF FACTS
List of facts that are useful for in Fourier-Motzkin Elimination
1) rank(UT10H11) = n1 − r12
2) rank(UT20H22) = n2 − r21
3) rank(H11V20) = m1 − r21
4) rank(H22V10) = m2 − r12
5) rank(H11V21) ≥ r11 + r21 −m1
6) rank(H22V11) ≥ r22 + r12 −m2
7) rank(UT10H11V21) ≥ n1 −m1 + r21 − r12
8) rank(UT20H22V11) ≥ n2 −m2 + r12 − r21
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79) rank(UT10H11V20) ≥ n1 +m1 − r11 − r12 − r21
10) rank(UT20H22V10) ≥ n2 +m2 − r22 − r12 − r21
Proof: Fact 1 can be proved as
rank(UT10H11) = rank(H11)− dim(N (UT10) ∩R(H11))
= r11 − dim(R(H12) ∩R(H11))
= r11 − (r11 + r12 − rank([H11 H12]))
= rank([H11 H12])− r12
(a)
= n1 − r12
where (a) follows as
[
H11 H12
]
is full row rank. By symmetry, Fact 2 can be proved.
To prove Fact 3
rank(H11V20) = rank(V20)− dim(N (H11) ∩R(V20))
= m1 − r21 − dim(N (H11) ∩N (H21))
(b)
= m1 − r21
where (b) follows as
H11
H21
 is full column rank. By symmetry, Fact 4 can be proved.
Fact 5 can be proved as rank(H11) = rank
(
H11
[
V21 V20
])
≤ rank(H11V21)+rank(H11V20).
Since rank(H11V20) = m1 − r21, rank(H11V21) ≥ r11 + r21 −m1. Fact 6 follows similarly.
Fact 7 can be proved using Frobenius inequality,
rank(UT10H11V21) ≥ rank(UT10H11) + rank(H11V21)− rank(H11)
≥ n1 − r12 + r11 + r21 −m1 − r11
= n1 −m1 + r21 − r12
Fact 8 follows similarly.
Fact 9 is also proved using Frobenius inequality,
rank(UT10H11V20) ≥ rank(UT10H11) + rank(H11V20)− rank(H11)
= n1 − r12 +m1 − r21 − r22
Fact 10 follows similarly.
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